The photon-photon scattering in vacuum can give rise to the second-harmonic generation of intense laser radiation in a dc magnetic field in the ''box'' diagram approximation of quantum electrodynamics if the symmetry of interaction is broken by modulation or/and nonuniformity of optical wave ϩdc field system in time or/and space. Specific examples considered here are: an optical pulse plane wave or a Gaussian laser beam propagating in uniform or nonuniform dc fields.
I. INTRODUCTION
Photon-photon scattering ͓1,2͔ is perhaps one of the most fundamental quantum electrodynamics ͑QED͒ processes, which may also result in nonlinear optical effects in vacuum such as the birefringence of the refractive index seen by a probe field under the action of either a dc magnetic ͑or electric͒ field ͓3͔ or intense laser pumping ͓4͔, multiwave mixing ͓5͔, and merging of two photons into one ͑i.e., sum frequency generation͒ ͓6͔ under the action of a dc field. All of these effects are based on the lowest order, so called ''box'' diagram approximation, Fig. 1 . ͑It was also proposed that using hexagonal diagram, high-order harmonics ͓7͔, and second-order subharmonic, a so-called photon splitting ͓3,8͔, can be generated with a dc magnetic field.͒ If observed, these effects may provide a fundamental optical test of QED.
From any realistic point of view the only hope to attain observable effects in the laboratory is to use lowest-order processes ͑i.e., those due to the box diagram͒; yet the required optical fields are still enormously high and not presently available. It has also been apparent that a dc field ͑ei-ther electric or magnetic͒ may greatly assist the interaction, which have attracted much attention ͓3-8͔. One of the most interesting and fundamental are dc field-assisted processes: the merging of two photons into one, e.g., the secondharmonic generation ͑SHG͒ Fig. 1 ͓3,8͔ ͑see also ͓9,10͔͒, and photon ''splitting'' ͓6,3,8͔, ͑see also ͓11͔͒-in essence, a parametric process-in the presence of a dc field. However, these processes have been the subject of a long persisting controversy, with the work ͓3,6,8͔ maintaining ͑correctly, see below͒ that these effects vanish in the box approximation ͑and under condition of cw wave and uniform and constant dc field, which is an important point in the context of this paper͒, whereas the work ͓9-11͔ suggested ͑erroneously, see Refs. ͓3͔, ͓8b͔, and ͓12͔͒ nonvanishing effect for the same approximation and conditions. The previous works on the subject have been reviewed in ͓12͔ with a conclusion that none of them were fully correct although the results ͓12͔ are much closer to those of Refs. ͓3͔, ͓6͔, ͓8͔ ͓the results of ͓12͔ suggests the box diagram contribution for the plane wave is nonzero, yet smaller than that from the next order, hexagonal, diagram͔. Our recent proposal ͓13͔ of laser-induced SHG in vacuum in the presence of a dc magnetic field has been criticized from QED ͓14͔ and phenomenological ͓15͔ points of view ͑see also earlier work ͓6͔͒, pointing out that SHG in configuration ͓13͔ should vanish. While being in agreement with the major point of Refs. ͓14,15͔ that SHG due to the box diagram vanishes for a cw plane wave and uniform dc field ͑which was also the main case considered earlier ͓3-15͔͒, our reply ͓16͔ and later consideration ͓17͔ suggested, however, that the nonvanishing effect may result from the spatial nonuniformity of the field.
Hence, the fundamental question arises whether the vanishing contribution of the box diagram is due to fundamental laws of QED, or only due to the conventionally ͑and thus unfavorably͒ chosen configuration: plane monochromatic ͑cw͒ optical waveϩuniform dc field. In this paper, we show that the nonvanishing contribution of the box diagram can result from the nonuniformity ͑or gradient͒ of any component of the entire field system ͑both the laser and dc magnetic fields͒ in space or/and time ͑Sec. II͒. In particular, we consider a plane wave modulated in time by a pulse with an arbitrary profile and finite duration ͑Sec. III͒, and a cw Gaussian ͑i.e., spatially inhomogeneous͒ laser beam in a magnetic field with an arbitrary spatial distribution ͑Sec. IV͒, in particular in both uniform ͑Sec. V͒ and nonuniform fields-magnetic dipole and quadrupole ͑Sec. VI͒. We demonstrate that the nonvanishing SHG in the lowest ͑i.e., box͒ approximation exists in all these configurations. The most important fact is that the SHG effect ͑i͒ exists in the approximation in which the plane-wave SHG vanishes completely, and ͑ii͒ that it is of the expected order of magnitude; for example, for a Gaussian laser field with maximum amplitude E 1 in the focal plane in a uniform dc magnetic field B 0 , the efficiency of SHG conversion w SHG is FIG. 1. Fourth-order ͑''box''͒ Feynman diagram for photonphoton scattering in a dc field resulting in second-harmonic generation ͑SHG͒.
͓see Eq. ͑5.7͒ below͔, where B cr is the QED critical field ͑see below͒, and ␣ϭe 2 /បcϭ1/137 is the fine structure constant; the advent of laser and magnet technology may make the observation of vacuum SHG feasible in the foreseeable future ͑Sec. VII͒. Our interpretation of field-gradient-induced SHG in vacuum relates the field nonuniformity to momentum transfer between photons and the dc field ͑Sec. VII͒. The total number of SHG photons in such a system is many orders of magnitude higher than that due to the next, hexagonal diagram contribution, such that SHG appears to be truly of the ''box diagram'' nature ͑Sec. VII͒.
II. SECOND-ORDER OPTICAL NONLINEARITY IN A dc MAGNETIC FIELD
The Heisenberg-Euler Lagrangian ͓1,2͔ for PPS can be written as
where L 2 ϭ(E 2 ϪB 2 )/2 is a linear term, and
is the first nonlinear term; it corresponds to the box Feynman diagram. Here ϭ␣/45B cr 2 ϭ2.6ϫ10 Ϫ24 tesla
Ϫ2
is a nonlinear interaction constant and B cr ϵm 0 2 c 3 /eបϭ4.4ϫ10 9 tesla is the QED critical field. L 6 corresponds to the hexagonal Feynman diagram ͑see below, Sec. VII͒, etc. Using the action for the first two terms, ͐(L 2 ϩL 4 )d 4 x, and taking the variation with respect to the four-vector potential, the macroscopic equations in the form of classical Maxwell's equations are obtained as ͓1,2,6,18͔
with the constitutive relations ͓1,2,18͔ between the electric displacement D ជ and magnetic field H ជ , and electric field E ជ and magnetic induction B ជ being:
where 
where
, and the only terms that may give rise to SHG are
Suppose now that the unperturbed fundamental light beam at the frequency 1 is a quasiplane and/or quasi-cw wave with the wave vector
where p ជ 1 is a polarization vector (͉p ជ 1 ͉ϭ1), ϭ 1 t Ϫr ជ•k ជ 1 0 is a retarded coordinate, and u 1 is a ''slow'' envelope, whose variations in space r and in are much slower than e Ϫi ͑for a cw plane wave, p ជ 1 u 1 ϭconst͒. Here k ជ 1 0 ϭk 1 q ជ 1 0 , where q ជ 1 0 is a unity vector along the main axis of the beam propagation. Using Eqs. ͑2.6͒ and ͑2.7͒, we find that
The SHG wave equations can then be obtained from Eqs. ͑2.2͒ and ͑2.4͒ as
is a slow envelope of nonlinear driving term ͑or source͒. Using Eqs. ͑2.6͒ and ͑2.7͒, we find
where ⌬ ជ q ϭq ជ 1 Ϫq ជ 1 0 and
with p ជ 1 , q ជ 1 , and e ជ dc ϭB ជ dc /B dc being the unity vectors of the wave polarization, the wave direction of propagation, and the dc magnetic field, respectively. In Eq. ͑2.12͒, p ជ 2 is a ͑non-unity in general͒ SH polarization vector. Because of the spatial anisotropy imposed by a dc magnetic field, SHG depends upon the polarization of laser fundamental wave; Eq. ͑2.12͒ reflects induced birefringence of the nonlinear interaction. If the fundamental wave propagates along the dc magnetic field
, and nonlinear effects vanish identically. The strongest interaction occurs when the light propagates normally to B ជ 0 and is polarized parallel to B ជ 0 , in which case
i.e., here the SH polarization vector p ជ 2 is normal to the fundamental polarization vector p ជ 1 . This is the manifestation of birefringence; note that when the fundamental light is polarized ͑and propagates͒ normally to the magnetic field, the SH polarization coincides with that of the fundamental radiation:
The first term in the right-hand side of Eq. ͑2.11͒ is due to the time dependence of the dc field and the intensity of the fundamental wave, whereas the second and third terms are due to spatial nonuniformity of the wave intensity and phase, respectively. Equation ͑2.11͒ clearly indicates that the driver F ជ ͑and therefore, SHG itself͒ vanishes ͑consistently with ͓14,15,6͔͒, if the radiation is a cw plane wave and the dc field is uniform and constant, since in such a case ‫,0‪ϭ‬ץ/ץ‬ ⌬q ϭ0, and ٌϭ0. Thus, the nonvanishing effect may be expected only if the field system varies in space and/or time. The evolution of an unperturbed fundamental wave envelope u 1 of a diffracting light beam in a vacuum is governed by a so-called paraxial wave equation that approximates Eqs. ͑2.2͒ under the condition ‫ץ‬ 2 E 1 /‫ץ‬y 2 Ӷk 1 ‫ץ‬E 1 /‫ץ‬y:
where we assumed the laser beam to propagate along the y axis ͑i.e., q ជ 1 0 ϭê y ͒; ⌬ Ќ ϭ‫ץ‬ 2 /‫ץ‬x 2 ϩ‫ץ‬ 2 /‫ץ‬z 2 is a ''transverse''
Laplacian. Since in this approximation, vacuum is dispersionless, no time derivative ͑or ‫͒ץ/ץ‬ enters this equation, i.e., the temporal ͑or ͒ modulation of the envelope u 1 remains intact as the wave propagates. Using the same approximation for SHG, assuming E ជ 2 ϭu ជ 2 (r ជ,)e Ϫ2i and slow variation of B ជ dc in time/space, we obtain a paraxial equation for an SHG slow envelope u ជ 2 as
III. PULSE PROPAGATION IN AN UNIFORM dc MAGNETIC FIELD
Consider first the perhaps simplest and fundamental example of a pulse plane wave propagating in a uniform dc magnetic field (B ជ dc ϭB 0 ê z ; e ជ dc ϭê z ) normal to the wave propagation axis, y, i.e., q ជ 1 ϭê y . Suppose that the amplitude ͑and/or phase͒ of fundamental plane wave (⌬ Ќ u 1 ϭ0) is arbitrarily modulated in time with a ͑complex͒ envelope u 1 () and let 1 be the angle between p ជ 1 and B ជ dc ͓i.e., p ជ 1 ϭ(p ជ 1 ) 0 ϵsin 1 ê x ϩcos 1 ê z ͔. The SHG driver, Eq. ͑2.11͒, is then reduced to: 
assuming that the field B 0 is ''turned on'' at yϭ0. Equation ͑3.3͒ demonstrates the same dependence on the distance of interaction (u 2 ϰy) as for SHG in a ''classical'' nonlinear medium with ideal phase matching, with the significant difference being that SHG is proportional now to the time derivative of the driving envelope. The use of very broad spectrum radiation can further enhance the SHG effect. The SHG energy flux at each point in the y axis is
Assuming a Gaussian temporal intensity envelope of the fundamental wave,
where 2t p is total pulse length, we obtain from Eq. ͑3.3͒ that
͑For 1 ϭ0, ͉p 2 ͉ϭ7, while for 1 ϭ/2, ͉p 2 ͉ϭ4.) Since the energy flux at the fundamental frequency is E 1 ϭ(c/2)͐ ϱ ϱ ͉u 1 ͉ 2 dt, we obtain the efficiency of the SHG conversion as:
͑3.5͒
IV. TWO-DIMENSIONAL "2D… cw GAUSSIAN BEAM IN A dc MAGNETIC FIELD
Considering now spatial nonuniformity of nonplanar ͑in particular, Gaussian͒ wave, we assume a cw wave ͑it is clear however that a combined time/space nonuniformity may significantly enhance the nonlinear interaction͒, such that in Eq. ͑2.11͒, ‫.0‪ϭ‬ץ/ץ‬ The calculations of the beam propagation for SHG in the general case become tedious, and to make them more traceable, we consider here the probably simplest case of spatially nonuniform problem: the propagation of a 2D Gaussian beam ͑or so called slab beam͒, in which case it is assumed uniform along only one direction ͑say in the x axis, so that ‫ץ/ץ‬xϭ0), and having a Gaussian profile in the other direction ͑say the z axis͒ normal to the direction of the propagation ͑the y axis͒. In this case the transverse Laplacian in Eqs. ͑2.15͒ and ͑2.16͒ is ⌬ Ќ ϭ‫ץ‬ 2 /‫ץ‬z 2 . To maximize the interaction, we assume that the dc magnetic field B ជ dc , is normal ͑or almost normal͒ to the direction of the wave propagation ͑such that ͉B z ͉ӷ͉B y ͉, and B x ϭ0), and the fundamental wave is polarized normally to B ជ dc , with
where now ϭ 1 tϪk 1 y and p ជ 1 ϭê x . A fundamental solution of Eq. ͑2.15͒ in such a case is a 2D Gaussian beam:
where E 1 ϭconst is its maximum amplitude ͑i.e., at the waist͒, a function G describes a Gaussian transverse amplitude ͑and phase͒ profile and its spatial evolution due to diffraction. Y (y) is a ''diffraction'' factor, z 0 is the minimum size of the beam ͑at the waist, yϭ0), and
where y d is the Rayleigh parameter ͑diffraction length͒ of the beam, with d being a diffraction angle. Note that the size of the Gaussian beam is found as
From Eq. ͑2.12͒ we obtain the SHG polarization vector
Here the the components q j ϵq ជ 1 •e ជ j of the propagation vector q ជ 1 are: q x ϭ0, q y ϭcos , q z ϭsin , where
is the angle of the energy propagation ͑normal to the phase front of the fundamental wave͒ at each point ͑y,z͒. Equation ͑2.11͒ yields 
Here, the first term in square brackets is due to the spatial nonuniformity of the dc field, whereas the rest of the expression is due to the inhomogeneity of the laser field. Note again that for the plane wave and uniform dc field, i.e., when z 0 →ϱ, y d →ϱ, and dB dc /dyϭ0, the effect vanishes since then F ជ →0. A significant feature of the solution for the driver, Eq. ͑4.8͒, is that in addition to the expected component simply mimicking the ͑square of͒ the Gaussian profile of the fundamental wave ͑the terms in the brackets independent of z͒, it also has a term proportional to z 2 ͓the last term in Eq. ͑4.8͔͒, which reflects the generation of a higher-order Gaussian component in the SHG beam. ͑For a 3D cylindrically symmetric beam ͓17͔ not considered here, the counterpart of such a mode would be a so called ''doughnut'' mode. It is worth noting that the doughnut SHG mode has been observed experimentally with ''classic'' SHG in gassesϩplasmas ͓20͔, wherein the effect has also been attributed to the field gradient.͒ Considering now SHG spatial dynamics with u ជ 2 ϭp ជ 1 u 2 and ‫ץ‬u 2 /‫ץ‬xϭ0, and normalizing our variables as
where B 0 is maximal dc magnetic field, we reduce Eq. ͑2.16͒ to:
͑4.10͒
The exact driven solution of this equation can be expressed in terms of combination of the fundamental ͑zeroth order͒ f 0 and second-order 2 standard Gaussian modes:
͑4.11͒
where Y ()ϭ(1ϩi) Ϫ1 , and the amplitudes g f 0 () and g 2 () of the respective modes are governed by the ordinary differential equations:
where prime denotes d/d. Note that a standard secondorder mode in Eq. ͑4.11͒ is constructed in such a way ͑see the ''bias'' term, ͉2Y ͉ Ϫ2 ) as to secure the orthogonality of the modes, ͐ Ϫϱ ϱ f 0 2 * dϭ0, at each point in . With the zero driver ͑say, ␤ϭ0), the solution of Eq. ͑4.12͒ is:
͑where C f 0 and C 2 are integration constants͒, which are expected amplitudes of the zeroth and second-order modes of a Gaussian beam in a linear vacuum; if no light at the frequency 2 is incident upon the system at →Ϫϱ, we naturally have C f 0 ϭC 2 ϭ0. For the driven solution, one has to stipulate that the total SHG power vanishes at →Ϫϱ. The total SHG power, W SHG , per unity length in the x axis through the entire beam's cross section normal to the axis of propagation y is
͑4.15͒
is the laser power ͑i.e., that of fundamental harmonic͒ per unity length in the x axis, and P SHG is dimensionless normalized total SHG power:
͑4.17͒
Here P 00 and P 22 are dimensionless normalized powers of zeroth and second-order modes, respectively, defined as
V. A GAUSSIAN BEAM IN AN UNIFORM dc MAGNETIC FIELD
Consider first the simplest case: the dc magnetic field is uniform, B ជ dc ϭB 0 ê z ϭconst, and thus ␤ϭconstϭ1, ␤Јϭ0. Using a variable, ⌽ϵ(tan Ϫ1 )/2, the full solution of Eq. ͑4.12͒ with such a right-hand side can be written as
͑5.1b͒
Evaluating integrals in Eq. ͑5.1͒, we obtain:
͑5.3͒
and the dependence on can be recovered by recalling that tan 2⌽ϭ and thus
; cos 2 ⌽ϭ͑1ϩcos 2⌽ ͒/2.
The integration constants in Eq. ͑5.2͒ are chosen in such a way that P 00 and P 22 , Eq. ͑4.18͒, vanish as →Ϫϱ. Figure  2 depicts the spatial dynamics of the mode component normalized powers P 00 and P 22 ͑as well as the total normalized SHG power, P SHG ϭ P 00 ϩ P 22 ), calculated by using Eqs. ͑5.2͒ and ͑4.18͒ as functions of the point of observation . All of them have similar asymptotics at →Ϫϱ, P j j ϭ0( Ϫ3 ). The amplitudes' asymptotics at →ϱ is as
One can see from Fig. 2 that the main SHG transformation occurs within the focal area, after passing a few diffraction lengths, with the P SHG steadily increasing. As →ϱ, the SHG power reaches steady state, with the zeroth-order Gaussian mode strongly dominating, P 00 ӷ P 22 :
P 22 ͑ ϱ ͒ϭ͑ /16͒ 2 ; P 00 ͑ ϱ ͒ϭ18P 22 ͑ ϱ ͒; ͑5.5͒ P SHG ͑ ϱ ͒ϭ19P 22 ͑ ϱ ͒Ϸ0.7325.
Using Eq. ͑4.15͒, we can evaluate now the efficiency of the SHG conversion, w SHG (ϱ), as
or, using Eq. ͑4.16͒ for W 1 , and Eq. ͑5.5͒ for P SHG (ϱ), as
͑5.7͒
Since P SHG (ϱ) is a constant independent of any parameter of the problem, one can see from Eq. ͑5.6͒ that for the fixed laser power W 1 and the dc magnetic field B 0 the total output SHG power W SHG is inversely proportional to the focal spot size z 0 . Thus, the effect increases with tighter focusing ͑and vanishes for plane wave͒ which is perfectly expected by now. On the other hand, the efficiency w SHG (ϱ), Eq. ͑5.7͒, for the fixed field E 1 does not depend on the nonuniformity of the driving field ͑e.g., on the focal size z 0 or diffraction length y d 
i.e., w SHG (L)→0 as y d →ϱ as expected.
VI. A GAUSSIAN BEAM IN A dc MAGNETIC DIPOLE AND QUADRUPOLE
To study the gradient-induced SHG in a nonuniform magnetic field, we consider first a magnetic field originated by a 2D magnetic dipole, i.e., two thin parallel ''magnetic'' wires ͓17͔. We will assume them located at the focal point of the fundamental Gaussian beam, positioned in the plane orthogonal to the beam ͑and extended, e.g., along the x axis͒, and spaced by 2z B (ӷz 0 ) with the laser beam crossing the wire plane exactly in the middle of the structure, see inset in Fig. 3 . The magnetic field of such a 2D dipole is
where B 0 is the maximum dc field ͑i.e., the field at the origin yϭzϭ0) and l Ϯ 2 ϭy 2 ϩ(z B Ϯz) 2 . ͑The same field is originated by a pair of cylinders of finite radius r C , in which case z B ϭͱz C 2 Ϫr C 2 , where z C is the distance between centers of the cylinders.͒ Since due to the condition 2z B ӷz 0 , we can assume B z ӷB y , and since near the center of the beam, the longitudinal component of the dc field B y , does not affect SHG anyway, the only dc component of consequence, as was shown in Sec. IV, is the transverse dc component, which, in the plane of symmetry (zϭ0), is FIG. 2 . Spatial dynamics of the SHG Gaussian mode components in the uniform dc magnetic field. Power of the zeroth-order P 00 and second-order P 22 components and the total normalized SHG power P SHG ϭ P 00 ϩ P 22 vs the normalized propagation distance ϵy/y d . Curves: dash-dotted lines: P 00 , dashed lines: P 22 , solid lines: P SHG . Inset: propagation configuration; a Gaussian beam at the fundamental frequency, with the beam normalized size ␦ϭz/y d , propagates in the axis; the dc magnetic field B 0 is normal to . 
Using again Eq. ͑4.12͒ with
͑6.3͒
and following the same procedure as in Eqs. ͑5.1͒ and ͑5.2͒, one can obtain analytic solution of Eq. ͑4.12͒ for both the zeroth-order (g 0 f ) and second-order (g 2 ) SHG Gaussian components in closed form. Without writing them here in explicit form, we depict their behavior in Figs. 3 and 4 . The normalized power of these components, P 00 and P 22 (4.18), respectively, as well as the total normalized SHG power P SHG ϭ P 00 ϩ P 22 vs the normalized propagation distance, ϭy/y d , is shown in Fig. 3 , where ϭ0 corresponds to the focal point, which is also the position of magnetic dipole, in the case z B ϭy d (␦ B ϭ1). For the sake of comparison with the data for uniform dc magnetic field, one is to remember that the absolute output SHG power W SHG , see Eq. ͑4.15͒, is proportional to B 0 2 . Therefore, the output for absolute powers W 00 , W 22 , and W SHG , using Fig. 3 , can be directly related to the respective data for a uniform dc magnetic field ͑see the previous Section͒, if the magnetic dipole is chosen in such a way, that the maximum dc field, B 0 ͑i.e., here, the field at the point of origin ϭϭ0), is the same as for the reference uniform field. The most notable feature of the dc magneticdipole induced SHG, as seen in Fig. 3 , is a large peak of the SHG power near the dipole position, the significant part of which, however, is converted back into fundamental frequency as the laser beam propagates. The peak sharpens ͑and its intensity increases͒ as the spacing between wires in the magnetic dipole decreases. In principle, this feature can be used to enhance the SHG output signal or directly measure it at the focal point, although the experimental realization of such measurements may prove to be difficult.
The transition from a dipole to a uniform field corresponds to the limit ␦ B →ϱ ͑provided that the dc field B 0 at the focal point for both of these configurations is fixed͒. The gradual increase of the normalized output power of both the SHG component and total SHG power in the far-field area ͑i.e., for yӷy d or ӷ1) is shown in Fig. 4͑a͒ ; one can see that they indeed approach the respective values for the uniform dc field. Note that the behavior of the normalized powers P i j does not depend on the magnitude B 0 . Thus, to analyze the dependance on B 0 , one needs to look at the absolute total power W, Eq. ͑4.15͒, or the efficiency of the SHG conversion w Eq. ͑5.6͒. If instead of maintaining the maximum dc field B 0 constant, the magnetic ''charge'' of each wire is retained constant ͑which amounts to B 0 z B ϭconst), the absolute power W Eq. ͑4.15͒ of both the SHG components and the total SHG power in the far-field area increases as the dipole half-size z B decreases. This behavior is depicted in Fig. 4͑b͒ where we show the normilized ''efficiencies'' 00 ϭ P 00 / 2 , 22 ϭ P 22 / 2 , SHG ϭ P SHG / 2 , vs . This corresponds to the choice of the reference magnitude B 0 of the dc field to be that of the dipole with the z B ϭy d . Another interesting feature of the dipole-induced SHG is that, while the zeroth-order SHG component dominates over the second-order component in the uniform dc field-induced SHG, Eq. ͑5.5͒, the ratio between these two components can be controlled by the size of the dc dipole. In particular, the powers of these two components equates when ␦ B Ϸ0.43 ͓see Fig. 4͑b͔͒ , and the second-order component becomes dominant for smaller ␦ B .
To illustrate the evolution of the SHG spatial dynamics ͑in particular, large peaks formation͒ as the nonuniformity of the dc magnetic field becomes more complicated, we consider a dc magnetic quadrupole, which consists of four magnetic wires forming e.g., square ͑Fig. 5͒, with the spacing between any pair of adjacent wires being 2z B (ϭ2␦ B y d ) . In   FIG. 4 . ͑a͒ The output ͑power in the far-field area͒ of SHG, due to the dc magnetic dipole for the individual modes P 00 and P 22 and the total power P SHG vs the normalized half-size of the dipole ͑i.e., half-spacing between wires͒ ␦ B ϭz B /y d ; the maximal dc magnetic field is maintained constant B 0 , same as the reference uniform dc field. Curves and designation-same as in Figs. 2 and 3 . ͑b͒ The same for the normalized efficiencies 00 , 22 , and SHG , when the magnetic ''charge'' of each wire is retained constant as ␦ B varies. this case, the normalized transverse component of the dc magnetic field in the plane of symmetry (zϭ0) in Eq. ͑4.12͒ is
with the dc field vanishing at the origin; ␤ϭ0 at ϭϭ0. The power of zeroth-and second-order Gaussian components, P 00 and P 22 , Eq. ͑4.18͒, respectively, as well as P SHG ϭ P 00 ϩ P 22 , vs the normalized propagation distance, ϭy/y d , is shown in Fig. 5 , where ϭ0 corresponds to the focal point, which is also the center of magnetic quadrupole, in the case z B ϭy d (␦ B ϭ1). One can see pronounced large peaks in the vicinity of each of the dipoles forming the quadrupole. However, a considerable SHG can still be observed in the far-field area.
VII. DISCUSSION OF THE RESULTS
This paper does not pursue specific experimental design or optimization calculations for the SHG effect in magnetized vacuum. Next step to such a design is to calculate 3D cw ͑i.e., cylindric͒ Gaussian beam propagation in a dc magnetic field ͑compare with 2D Gaussian beam, see here Sec. IV-VI͒, and combine it, in the general case, with temporal effect in a laser pulse ͑see Sec. III͒. However, to get the idea of expected effect, we can have an order-of-magnitude estimate using the results obtained here. First, we note that in the conventional sourses ͑lasers͒, the spatial compression ͑focus-ing͒ of laser beams is much stronger that temporal compression ͑i.e., z 0 /ϭO(1)Ӷt p /2). Most recently, there were quite a few proposals to achieve a single-cycle or subcycle subfemtosecond pulses ͓21͔, but even when experimentally obtained, they will have too broad a spectrum and may not be optimal for the first observation of a coherent SHG. Thus at this point, to be on conservative side, we neglect temporal effects and consider only spatial effects. Total SHG photon output, ⌽ SHG , is
where 1 is the total time-averaged power of fundamental harmonics ͑in W͒, is the wavelength of fundamental harmonics ͑in m͒, I 1 is the maximal intensity of fundamental harmonics ͑in W/cm 2 ͒ at focal point, and magnetic field B 0 is in Tesla. Rapid advent of laser and magnet technologies makes the observation of vacuum SHG feasible in the near future. Let us consider, for example, a laser with Ϸ0.8 m ͑as in Ti-Spph laser͒, with 1 ϳ10 5 W and intensity at focal point I 1 ϳ10 22 W/cm 2 ͑both of which constitute about two orders of improvement to the best existing lasers͒, and B 0 ϳ10 3 ts ͑which can currently be obtained by explosions͒. Equation ͑7.1͒ yields then ϳ85 photons/day.
An apparent interpretation of nonvanishing SHG is that the nonuniformity allows for the momentum transfer between photons and dc field ͑which would ultimately result in the recoil of material system generating the dc field͒, thus breaking the symmetry that causes vanishing interaction of a completely uniform field system. This explanation could be directly corroborated by e.g., direct QED calculations of SHG by two collinear photonsϩelementary source ͑particle͒ of the dc field, similarly to quasielastic scattering of a single photon at a Coulomb potential ͓22͔, see also Refs. ͓2,18,19͔ ͑QED calculations of photon splitting probability in a nucleus Coulomb potential using the recoil momentum can be found in Ref. ͓23͔͒. Examples of such sources could be protons ͑or heavy nuclei͒ or neutrons with two collinear photons ''SHG scattered'' at the particle spin and Coulomb dc ͑electric͒ field. In macroscopic terms, the paraxial approximation for SHG, Eq. ͑2.10͒, is not valid here, and SHG is originated by an elementary multipole source, Eq. ͑2.7͒, in a limited volume Ӷ 1 3 ͑similarly to Sec. V in Ref. ͓6͔͒; we found that in the lowest approximation, the source is a dipole for a spin and a quadrupole for a Coulomb field.
All the calculations in this paper were based on the QED box approximation involving only the term L 4 . Let us roughly estimate the order of magnitude of the next, hexagonal term L 6 . Using the approach of Refs. ͓1,2͔, L 6 was evaluated by us as: . Even for the example considered in the beginning of this section, this ratio is ϳ10
Ϫ12
. Thus, the hexagonal term makes a negligible contribution to SHG for any fields accessible in the laboratory now and in the foreseeable future.
VIII. CONCLUSION
In conclusion, we demonstrated the feasibility of fieldgradient-induced second-harmonic generation ͑SHG͒ by the intense laser radiation in a dc magnetic field in a vacuum; the SHG effect does not vanish in the QED box diagram approximation only if the participating fields are temporarily/ spatially nonuniform.
